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ABSTRACT: 

The Diophantine equation of degree five with three unknowns represented by                                      

𝑥2 + 𝑦2 = 10𝑧5 is investigated for its non-zero distinct integral solutions. A few interesting 

relations between the values of 𝑥, 𝑦, 𝑧 and special numbers are presented. 

KEYWORDS: 

Ternary Quintic equation, Integral solutions, Polygonal numbers. 

NOTATIONS: 








 


2

)2)(1(
1,

mn
nt nm  Polygonal number of rank n with sides m 

     rnrnnP r

n 52)1(
6

1
Pyramidal number of rank n with sides r 

)1(  nnP r

n = Pronic number of rank n 

 )12( 2nnSOn Stella Octangula number 





2

2)1(
,

nmn
Ct nm Centered Polygonal number of rank n with sides m 

 )12(
3

1 2nnOH n Octahedral number 

https://www.irjweb.com/current_issue.php


International Research Journal of Education and Technology 

Peer Reviewed Journal 

ISSN 2581-7795 

 
  

   

  

334 
2025, IRJEdT Volume: 07 Issue: 01 | Jan-2025 

  





24

)3(21 nnnn
Ptn Pentatope number of rank n 

 12agna Gnomonic number of rank a 

   32212
3

1 2 nnnHauyOH n Hauy Octahedral number 

INTRODUCTION: 

Number theory is a branch of pure mathematics that deals with the properties and relationships 

of numbers, especially integers. It explores topics like prime numbers, divisibility, 

congruences, and the solutions to equations involving whole numbers. Some well-known 

problems in number theory include finding prime numbers, understanding the distribution of 

primes, and solving Diophantine equations. It has applications in cryptography, computer 

science, and other fields. The non-homogeneous ternary Quintic Diophantine equation offers 

an unlimited field for research due to their variety [1-7]. A Diophantine equation is an equation 

that seeks integer solutions. Specifically, it involves finding integer values for variables that 

satisfy the equation. These equations can involve one or more variables, and the goal is to find 

integer solutions, as opposed to real or complex solutions. A quadratic equation is a polynomial 

equation of the form 𝑎𝑥² + 𝑏𝑥 + 𝑐 = 0 where 𝑎, 𝑏 and c are constants and 𝑧 represents the 

variable or unknown. A lot is known about equations in two variables in higher degrees. For 

equations with more than three variables and degree at least three, very little is known. It is 

worth to note that undesirability appears in equations, even perhaps at degree four with small 

coefficients. One may refer [8-12] quintic Diophantine equations with three unknowns. Thus, 

in this communication a fifth degree non-homogeneous Diophantine equation with three 

unknowns represented by   𝑥2 + 𝑦2 = 10𝑧5  is analyzed for its non-zero integralsolutions.         

A few interesting relations between the values of 𝑥, 𝑦, 𝑧 and special numbers are presented. 

METHOD OF ANALYSIS 

PROBLEM: 

The fifth degree Diophantine equation with three unknowns to be solved is 

 𝑥2 + 𝑦2 = 10𝑧5                                                    (1) 

Three different patterns of solutions of (1) are illustrated below: 
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Pattern 1: 

Choosing z as 𝑧 = 𝑎2 + 𝑏2 and write equation (1) in factorizable from as follows: 

(𝑥 + 𝑖𝑦)(𝑥 − 𝑖𝑦) = (3 + 𝑖)(3 − 𝑖)(𝑎 + 𝑖𝑏)5(𝑎 − 𝑖𝑏)5 = 𝛿(𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) 

(𝑥 + 𝑖𝑦)

(3 + 𝑖)(𝑎 + 𝑖𝑏)5
=

(3 − 𝑖)(𝑎 − 𝑖𝑏)5

(𝑥 − 𝑖𝑦)
= 𝛿 

Setting (𝑥 + 𝑖𝑦) = 𝛿(3 + 𝑖)(𝑎 + 𝑖𝑏)5 

         (𝑥 + 𝑖𝑦) = 𝛿(3 + 𝑖)(𝑎5 + (𝑖𝑏)5 + 10𝑎2(𝑖𝑏)3 + 10𝑎3(𝑖𝑏)2 + 5𝑎(𝑖𝑏)4 + 5𝑎4(𝑖𝑏)) 

                           = 𝛿(3 + 𝑖)(𝑎5 + 𝑖𝑏5 − 𝑖10𝑎2𝑏3 − 10𝑎3𝑏2 + 5𝑎𝑏4 + 𝑖5𝑎4𝑏) 

                           = 3𝛿𝑎5 + 𝑖3𝛿𝑏5 − 𝑖30𝛿𝑎2𝑏3 − 30𝛿𝑎3𝑏2 + 15𝛿𝑎𝑏4 + 𝑖15𝛿𝑎4𝑏 + 𝑖𝛿𝑎5 −

𝛿𝑏5 + 10𝛿𝑎2𝑏3 − 𝑖10𝛿𝑎3𝑏2 + 𝑖5𝛿𝑎𝑏4 − 5𝛿𝑎4𝑏 

Equating real and imaginary parts 

𝑥(𝑎, 𝑏) = 3𝛿𝑎5 − 30𝛿𝑎3𝑏2 + 15𝛿𝑎𝑏4 + 10𝛿𝑎2𝑏3 − 5𝛿𝑎4𝑏 − 𝛿𝑏5 

𝑦(𝑎, 𝑏) = 𝛿𝑎5 − 30𝛿𝑎2𝑏3 + 15𝛿𝑎4𝑏 − 10𝛿𝑎3𝑏2 + 5𝛿𝑎𝑏4 + 3𝛿𝑏5 

Let 𝛿=1, 

𝑥(𝑎, 𝑏) = 3𝑎5 − 30𝑎3𝑏2 + 15𝑎𝑏4 + 10𝑎2𝑏3 − 5𝑎4𝑏 − 𝑏5 

𝑦(𝑎, 𝑏) = 𝑎5 − 30𝑎2𝑏3 + 15𝑎4𝑏 − 10𝑎3𝑏2 + 5𝑎𝑏4 + 3𝑏5 

𝑧 = 𝑎2 + 𝑏2 

The above solutions 𝑥, 𝑦 and 𝑧 satisfies the following properties 

1) 𝑥(1, 𝑏) + 𝑦(1, 𝑏) − 4𝑡5,𝑏 − 12𝑃𝑏
5 ≡ 0(𝑚𝑜𝑑 2) 

2) 𝑥(𝑎, 3) + 90𝑃𝑟𝑎 + 54𝑝𝑎
5 + 27𝑂𝐻𝑎 ≡ 0(𝑚𝑜𝑑 3) 

3) 𝑥(𝑎, 1) + 𝑦(𝑎, 1) − 14𝑃𝑟𝑎 − 12𝑃𝑎
5 + 24𝑂𝐻𝑎 ≡ 0(𝑚𝑜𝑑 2) 

4) 𝑦(5, 𝑏) − 2𝑡3,𝑏 ∗ 𝑃𝑟𝑏 + 𝑡8,𝑏 ∗ 𝑡6,𝑏 − 3𝑃𝑟𝑏
2 + 6𝑃𝑏

5 ≡ 2(𝑚𝑜𝑑3) 

5) 𝑥(1, 𝑎) − 12𝑃𝑎
5 ∗ 𝑃𝑟𝑎 + 63𝑂𝐻𝑎

2 + 𝑡6,𝑎 ∗ 𝑡6,𝑎 − 2𝑡8,𝑎 − 3𝑔𝑛𝑎 ≡ 0(𝑚𝑜𝑑7) 

6) 𝑥(𝑎, 1) + 𝑦(𝑎, 1) − 𝐶𝑡𝑎,2
2 ∗ 10𝑃𝑟𝑎 − 5𝑆𝑜𝑎 + 6𝑃𝑟𝑎 + 𝑔𝑛𝑎 + 1 ≡ 0(𝑚𝑜𝑑4) 

Pattern 2: 
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Equation (1) can also be written in the factorable form as 

(𝑥 + 𝑖𝑦)(𝑥 − 𝑖𝑦) = (1 + 3𝑖)(1 − 3𝑖) [(𝑎 + 𝑖𝑏)(𝑎 − 𝑖𝑏)]5 

Setting (𝑥 + 𝑖𝑦) = (1 + 3𝑖)(𝑎 + 𝑖𝑏)5 

 (𝑥 + 𝑖𝑦) = (1 + 3𝑖)(𝑎5 + (𝑖𝑏)5 + 10𝑎2(𝑖𝑏)3 + 10𝑎3(𝑖𝑏)2 + 5𝑎(𝑖𝑏)4 + 5𝑎4(𝑖𝑏)) 

      = (1 + 3𝑖)(𝑎5 + 𝑖𝑏5 − 𝑖10𝑎2𝑏3 − 10𝑎3𝑏2 + 5𝑎𝑏4 + 𝑖5𝑎4𝑏) 

                           = 𝑎5 + 𝑖𝑏5 − 𝑖10𝑎2𝑏3 − 10𝑎3𝑏2 + 5𝑎𝑏4 + 𝑖5𝑎4𝑏 + 𝑖3𝑎5 − 3𝑏5 +

30𝑎2𝑏3 − 𝑖30𝑎3𝑏2 + 𝑖15𝑎𝑏4 − 15𝑎4𝑏 

Equating real and imaginary parts 

𝑥(𝑎, 𝑏) = 𝑎5 − 10𝑎3𝑏2 + 5𝑎𝑏4 + 30𝑎2𝑏3 − 15𝑎4𝑏 − 3𝑏5 

𝑦(𝑎, 𝑏) = 3𝑎5 − 10𝑎2𝑏3 + 5𝑎4𝑏 − 30𝑎3𝑏2 + 15𝑎𝑏4 − 𝑏5 

𝑧(𝑎, 𝑏) = 𝑎2 + 𝑏2 

The above solutions 𝑥, 𝑦 and 𝑧 satisfies the following properties: 

1) 𝑥(𝑎, 1) + 𝑦(𝑎, 1) − 15𝐻𝑎𝑢𝑦𝑂𝐻𝑎 + 10𝑃𝑟𝑎
2 ≡ 1(𝑚𝑜𝑑 4) 

2) 𝑥(𝑎, 1) + 72𝑃𝑡𝑎 + 2𝑆𝑜𝑎 + 6𝑃𝑎
4 ∗ 𝑃𝑟𝑎 + 2𝑡3,𝑎 + 𝑃𝑟𝑎

2 + 𝑔𝑛𝑎 ≡ 1(𝑚𝑜𝑑 3) 

3) 𝑦(𝑎, 1) + 24𝑃𝑡𝑎 + 30𝑃𝑎
5 ∗ 𝑃𝑟𝑎 + 𝑡8,𝑎 ∗ 𝑡6,𝑎 + 15𝑂𝐻𝑎 + 𝑡6,𝑎 + 𝑃𝑟𝑎 + 5 ≡ 0(𝑚𝑜𝑑6) 

4) 𝑦(1, 𝑏) + 42𝑃𝑏
5 ∗ 𝑃𝑟𝑏+2𝑆𝑜𝑏+9𝑃𝑟𝑏

2 − 𝑡5,𝑏+10𝑔𝑛𝑏 − 4 ≡ 0(𝑚𝑜𝑑11) 

5) 𝑥(𝑎, 1) + 𝑦(𝑎, 1) + 12𝑃𝑎
5 ∗ 𝑃𝑟𝑎 + 8𝑆𝑜𝑎 + 𝑔𝑛𝑎 − 7 ≡ 0(𝑚𝑜𝑑10) 

6) 5𝑥(𝑎, 1) − 10𝑆𝑜𝑎 + 30𝐻𝑎𝑢𝑦𝑂𝐻𝑎 − 5𝑔𝑛𝑎 + 5𝐶𝑡2,𝑎 ≡ 0(𝑚𝑜𝑑5) 

Pattern 3: 

Introducing the transformation 

𝑥 = 103𝑋 ,     𝑦 = 103𝑌   and    𝑧 = 10𝑊                       (2) 

We get    𝑋2 + 𝑌2 = 𝑊5           (3) 

Choosing 𝑊 = 𝐴2 + 𝐵2 and employing the method of factorization, (3) is expressed as a 

system of double equations given by 

(𝑋 + 𝑖𝑌) = (𝐴 + 𝑖𝐵)5 
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            (𝑋 − 𝑖𝑌) = (𝐴 − 𝑖𝐵)5 

Equating real and imaginary in either of the above two equations the values of X and Y are 

given by 

            𝑋(𝑎, 𝑏) = 𝐴5 − 10𝐴3𝐵2 + 5𝐴𝐵4         

𝑌(𝑎, 𝑏) = 5𝐴4𝐵 − 10𝐴2𝐵3 − 𝐵5    

In view of (2), the non-zero integral solutions of (1) are given by 

𝑥(𝐴, 𝐵) = 103(𝐴5 − 10𝐴3𝐵2 + 5𝐴𝐵4) 

𝑦(𝐴, 𝐵) = 103(5𝐴4𝐵 − 10𝐴2𝐵3 − 𝐵5) 

𝑍(𝐴, 𝐵) = 10(𝐴2 + 𝐵2) 

For simplicity and clear understanding a few interesting properties satisfied by 𝑥, 𝑦 and 𝑧 are 

presented below: 

1) 𝑥(1, 𝐵) + 𝑦(1, 𝐵) + 150𝑂𝐻𝐵 + 100𝑆𝑂𝐵 ≡ 0(𝑚𝑜𝑑 25) 

2) 𝑥(1, 𝐵) + 𝑦(1, 𝐵) + 150𝑂𝐻𝐵 + 100𝑆𝑂𝐵 ≡ 0(𝑚𝑜𝑑 10) 

3) 𝑥(𝐴, 1) + 30𝐻𝑎𝑢𝑦𝑂𝐻𝐴 + 10𝐶𝑡𝐴,1 + 100𝑃𝑟𝐴 ≡ 0(𝑚𝑜𝑑 10) 

4) 𝑥(𝐴, 1) + 30𝐻𝑎𝑢𝑦𝑂𝐻𝐴 + 10𝐶𝑡𝐴,1 + 100𝑃𝑟𝐴 ≡ 0(𝑚𝑜𝑑 2) 

5) 𝑌(𝐵, 1) − 20𝑆𝑂𝐵 + 20𝑔𝑛𝐵 + 20𝑃𝑟𝐵 ≡ 0(𝑚𝑜𝑑 20) 

6) 𝑥(1, 𝐵) + 16𝑡3,𝐵 + 8𝑔𝑛𝐵 ≡ 0(𝑚𝑜𝑑 4) 

7) 𝑥(1, 𝐴) + 16𝑡3,𝐴 − 8𝑔𝑛𝐴 + 4𝑆𝑂𝐴 ≡ 0(𝑚𝑜𝑑 4) 

8) 𝑥(𝐴, 1) + 𝑌(𝐴, 1) + 2𝑡𝐴,2 + 12𝑃𝐴
5 − 1 ≡ 0(𝑚𝑜𝑑 2) 

9) 𝑥(1, 𝐴) + 16𝑡3,𝐴 − 8𝑔𝑛𝐴 + 2𝑆𝑂𝐴 ≡ 0(𝑚𝑜𝑑 2) 

Conclusion: 

In this paper, we have presented three different methods of obtaining non-zero distinct integer 

solutions of the non-homogeneous Diophantine equation 𝑥2 + 𝑦2 = 10𝑧5. To conclude one 

may search for other choices of non-homogeneous ternary quintic Diophantine equations along 

with solutions and their corresponding properties. 

REFERENCES 

https://www.irjweb.com/current_issue.php


International Research Journal of Education and Technology 

Peer Reviewed Journal 

ISSN 2581-7795 

 
  

   

  

338 
2025, IRJEdT Volume: 07 Issue: 01 | Jan-2025 

1. Dickson,L.E., “ History of the theory numbers”, Vol.2:Diophantine Analysis, New 

York:Dover, 2005. 

2. Carmichael,R.D., “The theory of numbers and Diophantine Analysis”, New York: Dover, 

1959. 

3. Lang,S. “Algebraic N.T.,” second ed. New York: Chelsea, 1999. 

4. Weya,H. “Algebraic theory of numbers, Princeton”, NJ: Princeton University Press,1998. 

5. Oistein Ore. “Number Theory and its History”, New York: Dover, 1988. 

6. Mordell, L.J. “Diophantine equations”, Academic Press, New York 1969. 

7. Nagell.T., “Introduction to Number Theory”, Chelsea Publishing Company, New York, 

1981. 

8. Gopalan.M.A., and Anbuselvi.R. 2008. “Integral solutions of ternary Quartic equation 

𝑥2 + 𝑦2 = 𝑧4 ”, Acta Ciencia Indica, Vol XXXIV M (No.1):297, 2008. 

9. Gopalan,M.A., Manju Somanath and Vanitha. 2007. “Integral solutions of 𝑥2 + 𝑦2 = 𝑧4 ” 

, Acta Ciencia Indica, Vol XXXIII M (No.4):1261, 2007. 

10. Cross.J.T.1993.”In the Gaussian Integers𝛼4 + 𝛽4 ≠ 𝛾4” Math Magazine,                                  

66: 105-108,1993. 11. Sandorszobo.2 

11. Vanaja.R, Pandichelvi.V, “A paradigm for two classes of simultaneous exponential 

Diophantine equations”, Indian Journal of science and technology, Vol 16, Issue 40:               

3514-3521, 2023. 

12. Pandichelvi.V, Vanaja.R, “Significance of Continued Fraction to solve Binary Quadratic 

Equations”, International journal of Scientific Engineering and science, Vol 8, Issue 2, 

2024. 

 

https://www.irjweb.com/current_issue.php

